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CHARACTERISTIC FEATUFES O F  SOME PERIODIC ORBITS 
I N  THE RESTRICTED THREE BODY PROBLEM 

Wilton E. Causey 

ABSTRACT 

Earth-moon o r b i t s  a r e  p re sen ted  which, when r e f e r r e d  
t o  a r o t a t i n g  c o o r d i n a t e  sys tem,  r e t u r n  p e r i o d i c a l l y  t o  
t h e i r  o r i g i n a l  s e t  of state v a r i a b l e s .  In fo rma t ion  con- 
c e r n i n g  the p e r i o d  of t h e  o r b i t ,  t i m e  s p e n t  i n  t h e  r e g i o n  
between earth and moon, close approach d i s t a n c e  t o  the moon, 
and"$closes t  approach d i s t a n c e  t o  the  earth i s  g iven  f o r  
v a r i o u s  families 'of p e r i o d i c  o r b i t s .  These o r b i t s  have 
p e r i o d s  of  1 t o  4 months, and t h e y  have a t  least  one 
p e r p e n d i c u l a r  c r o s s i n g  of  the  earth-moon l i n e v a c k  
s i d e  of t h e  moon. 
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TECHNICAL MEMORANDUM X-53108 

CHARACTERISTIC FEATURE3 O F  SOME PERIODIC ORBITS 
I N  THE RESTRICTED THREE BODY PROBLEM 

Wilton E. Causey 

SUMMARY 

Earth-moon o r b i t s  are presented  which, when r e f e r r e d  
to a r o t a t i n g  coord ina te  system, r e t u r n  p e r i o d i c a l l y  t o  
t h e i r  o r i g i n a l  s e t  of s t a t e  var iab les .  Informat ion  con- 
ce rn ing  the pe r iod  of t h e  o r b i t ,  t i m e  s p e n t  i n  the  r eg ion  
between e a r t h  and moon, c lose  approach d i s t a n c e  to the  
moon, and c l o s e s t  approach d i s t a n c e  to the  ear th  i s  g iven  
f o r  va r ious  families o f  p e r i o d i c  o r b i t s .  These o r b i t s  
have p e r i o d s  of 1 to 4 months, and t h e y  have at least  one 
pe rpend icu la r  c r o s s i n g  of the earth-moon l i n e  on the back 
s i d e  of the  moon. 

SECTION I: INTRODUCTION 

T h i s  r e p o r t  p r e s e n t s  earth-moon o r b i t s  which, when 
r e f e r r e d  to a r o t a t i n g  coordinate  system, r e t u r n  p e r i o d i c a l l y  
t o  t h e i r  o r i g i n a l  s e t  of s t a t e  v a r i a b l e s .  Such o r b i t s  o f f e r  
' r epea ted  approaches t o  b o t h  e a r t h  and moon and could be used 
i n  ins t rumented  e x p l o r a t i o n  o f  earth-moon space for meteoroid 
c o n c e n t r a t i o n  and r a d i a t i o n  b e l t s .  

In format ion  concerning the  pe r iod  o f  the o r b i t s ,  t i m e  
s p e n t  i n  t he  r eg ion  between e a r t h  and moon, c l o s e  approach 
d i s t a n c e  t o  t he  moon, and c l o s e s t  approach d i s t a n c e  to the  
e a r t h  i s  g iven  for v a r i o u s  f a m i l i e s  o f  p e r i o d i c  o r b i t s .  The 
o r b i t s  d i scussed  i n  t h i s  paper have pe r iods  of 1 t a  4 months, 
and t h e y  have at l eas t  one pe rpend icu la r  c r o s s i n g  of the 
earth-moon l i n e  on t h e  back s i d e  o f  t h e  moon. The o r b i t s  
conta ined  h e r e i n  r e p r e s e n t  only a small p o r t i o n  of t h e  

* families o f  p e r i o d i c  o r b i t s  t ha t  a r e  p o s s i b l e  i n  the r e s t r i c t e d  
th ree  body problem, and it should n o t  be i n f e r r e d  t ha t  these 
are the  on ly  o r b i t s  of i n t e r e s t .  

. 



SECTION 11: DISCUSSION 

A. EXISTENCE 

The ex i s t ence  of c e r t a i n  p e r i o d i c  o r b i t s  i n  t h e  r e s t r i c t e d  
t h r e e  body problem has been known f o r  a long  t i m e .  Poincare’ 
r e f e r r e d  to o r b i t s  which reduce to c i r c l e s  when t h e  d i s t u r b a n c e  
from t h e  more d i s t a n t  body becomes z e r o  as “So lu t ions  de l a  
premiere  s o r t e . ” 1  These o r b i t s  can be n e a r  e i t h e r  of t h e  f i n i t e  
masses, b u t  no t  bo th .  Arenstorf2 proved t h e  e x i s t e n c e  of 
p e r i o d i c ‘ s o l u t i o n s  o f  the  so -ca l l ed  second k ind  which a r e  n e a r  
r o t a t i n g  Kepler ian e l l i p s e s .  
k ind  ex is t  even i f  one of t h e  masses becomes massless. 
Contrary t o  t h i s ,  t h e r e  are p e r i o d i c  o r b i t s  tha t  e x i s t  on ly  
i n  the  r e s t r i c t e d  t h r e e  body problem proper .  I n  the  earth- 
moon system s~>c-:li o r b i t s  would owe t h e i r  e x i s t e n c e  to t h e  
d i s t u r b a n c e  p r d u c e d  by t h e  moon; however, t h e y  degenera te  
i n t o  o r b i t s  o f  t he  second kind when t h e  d i s t u r b a n c e  by the  
moon becomes ze ro .  T h i s  r e p o r t  p r e s e n t s  p e r i o d i c  o r b i t s  of 
t he  second kind and o r b i t s  tha t  are i n h e r e n t  i n  the  r e s t r i c t e d  
t h r e e  body problem proper .  

O r b i t s  of t h e  f i rs t  and second 

B. BASIC ASSUMPTIONS 

A r e s t r i c t e d  t h r e e  body model i s  assumed f o r  the  ear th ,  
moon, and probe system. I n  t h i s  system, t h e  e a r t h  and moon 
revolve  i n  c i r c l e s  i n  a common p lane  around t h e i r  common 
c e n t e r  of  mass ( b a r y c e n t e r ) .  For t h i s  i n v e s t i g a t i o n ,  the  
p r o b e ’ s  motion i s  r e s t r i c t e d  to t h e  p lane  de f ined  by t h e  
earth-moon motion. The equa t ions  of motion a r e  normalized 
such t h a t  t h e  sum of t h e  masses of t h e  ear th  and moon i s  
u n i t y ,  t h e  cons tan t  d i s t a n c e  between the  e a r t h  and moon i s  
u n i t y ,  and the pe r iod  of t h e  ea r th  and moon about  t h e i r  
common c e n t e r  of mass i s  217. 

A r o t a t i n g  coord ina te  system ( o r i g i n  a t  the b a r y c e n t e r )  
i n  which t h e  ea r th  and moon l i e  on t h e  x-axis i s  advantageous 
because of image p r o p e r t i e s  which occur  i n  the system. I n  
t h i s  system, under  r e s t r i c t e d  t h r e e  body assumptions,  two 
pe rpend icu la r  c r o s s i n g s  of t h e  earth-moon l i n e  (x-axis) a r e  
s u f f i c i e n t  f o r  p e r i o d i c i t y .  With t h i s  i n  mind, o r b i t s  were 
gene ra t ed  by s t a r t i n g  on t h e  back s i d e  of the moon perpen- 
d i c u l a r  to the  earth-moon l i n e .  T h i s  was an a r b i t r a r y  choice 
of s t a r t i n g  cond i t ions ,  b u t  t h e y  proved q u i t e  convenient .  
With one perpendicular  c r o s s i n g  assbred ,  t h e  problem i s  to 
i s o l a t e  t r a n s i t s  which have a second pe rpend icu la r  c r o s s i n g  
of the  earthTmoon l i n e .  I n  t h i s  s tudy ,  t h e  v e l o c i t y  magni- 
tude  a t  t h e  s t a r t i n g  p o s i t i o n  ( f i r s t  pe rpend icu la r  c r o s s i n g )  
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was v a r i e d  i n  o r d e r  to perform t h e  i s o l a t i o n .  Complete 
families were genera ted  by changing the  s t a r t i n g  p o s i t i o n  
and r e p e a t i n g  the process .  Orb i t s  tha t  are r e t r o g r a d e  as 
t h e y  approach the  e a r t h  are neglec ted .  Fu tu re  i n v e s t i g a t i o n s  
are planned i n  t h i s  a r e a  and should add i n s i g h t  to t he  
g e n e r a l  behavior  of  p e r i o d i c  o r b i t s .  

The r a t i o  of t h e  mass of the  ear th  to t he  mass of the  
moon was assumed to be 80.45,and f o r  the purposes  of con- 
v e r t i n g  from t h e  u n i t i z e d  system to a p h y s i c a l  system, the 
d i s t a n c e  from t h e  c e n t e r  of the e a r t h  to the  c e n t e r  of the 
moon was t aken  to be 385,000 km. 

C. CLASSIFICATION 

The c l a s s i f i c a t i o n  of  o r b i t  families used i n  t h i s  r e p o r t  
i s  the  same as the  system used by Arens tor f3  and Davidsonf 
Ca tegor i e s  such as r a t i o ,  o rder ,  and c l a s s  are used i n  
d i s t i n g u i s h i n g  v a r i o u s  families of o r b i t s .  These terms w i l l  
be used  e x t e n s i v e l y ;  t h e r e f o r e ,  a b r i e f  e x p l a n a t i o n  of each  
i s  i n  o rde r .  

F igu res  1 and 2 d e p i c t  a p e r i o d i c  o r b i t  i n  a r o t a t i n g  
and a space  f i x e d  frame of r e fe rence ,  r e s p e c t i v e l y .  One 
n o t i c e s  i n  the space f i x e d  s y s t e m  tha t  the  probe makes two 
r e v o l u t i o n s  i n  its o r b i t  i n  the  same t i m e  the moon makes 
approximate ly  one r e v o l u t i o n  i n  i t s  o r b i t .  The major axis 
of the p r o b e ' s  o r b i t  has  been r o t a t e d  s l i g h t l y  due to the  
d i s t u r b a n c e  by the  moon; t h e r e f o r e ,  t h e  p e r i o d  of the o r b i t  
i s  l e s s  than  the  pe r iod  of t h e  moon, and the o r b i t  i s  n o t  
c l o s e d  i n  the  space f ixed  frame of r e f e r e n c e .  However, 
c l o s u r e  i n  the  space fixed frame of r e f e r e n c e  i s  n o t  neces-  
s a r y  f o r  p e r i o d i c i t y  i n  t h e  r e s t r i c t e d  t h r e e  body problem. 
If one l e t s  m equa l  t h e  number of r e v o l u t i o n s  t h e  moon 
makes while  t h e  probe has t o  make k r e v o l u t i o n s  i n  i t s  
o r b i t  be fo re  p e r i o d i c i t y  occurs,  t hen  t h e  r a t i o  m/k=-$ i s  
used to c l a s s i f y  t h i s  o r b i t .  

K e p l e r ' s  t h i r d  l a w  provides  an  es t imate  f o r  a minimum 
va lue  of m/k for o r b i t s  t h a t  encompass bo th  the  ear th  and 
moon. I n  t he  u n i t i z e d  coord ina te  system, the p e r i o d  of t he  
moon i s  g iven  as PM = ~ T T ,  and the pe r iod  of t he  probe about  
t h e  ear th  i s  

Pp = 27-14-2- 

*Pr iva te  communication w i t h  M. C .  Davidson of t he  Computation 
Laboratory,  MSFC. 
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where a is  t h e  semimajor axis of t h e  p r o b e ' s  o r b i t .  Tf 
t h e  p robe ' s  o r b i t  i s  t o  c o n t a i n  both  masses, then  a > $. 
Under t h i s  assumption, t h e  minimum value  of m/k i s  

- 
a 

( +)2 :-- .354. 
Figure 1 i s  an o r b i t  of r a t i o  o r d e r  1. O r b i t s  wi th  

2 r a t i o  4, 5 ,  $, ... w i l l  be r e f e r r e d  to as h i g h e r  o r d e r  o r b i t s  
(second, t h i r d ,  f o u r t h  . * * )  of r a t i o  $-. I n  g e n e r a l ,  an  

nm j.:: T l a s s i f i e d  as r a t i o  - o r d e r  n .  o r b i t  wi th  a r a t i o  nk 
Figures  3 and 4 show o r b i t s  of r a t i o  $ o r d e r  2. 
the  second pe rpend icu la r  c r o s s i n g  of t h e  earth-moon l i n e  
occurs  on the  back s i d e  of the moon. O r b i t s  w i t h  t h i s  
c h a r a c t e r i s t i c  are des igna ted  c l a s s  A .  I n  F igure  4 the  
second pe rpend icu la r  c r o s s i n g  occurs  on the f r o n t  s i d e  of  
t h e  moon,and o r b i t s  of t h i s  n a t u r e  w i l l  be r e f e r r e d  to as 
c l a s s  B. F i r s t  o r d e r  o r b i t s  a r e  p e r i o d i c  o r b i t s  of t he  
second kind, but  t h e  h i g h e r  o rde r  o r b i t s  a r e  o r b i t s  of t he  
r e s t r i c t e d  three body problem proper .  

m 
k 

I n  F igure  3 

A l l  o r b i t s  p re sen ted  i n  t h i s  r e p o r t  have a t  l eas t  one 
pe rpend icu la r  c r o s s i n g  on t h e  back s ide  of the moon. There 
a r e  o r b i t s  which do n o t  possess  t h i s  c h a r a c t e r i s t i c ,  b u t  
complete d a t a  on t h e s e  o r b i t s  a r e n o t  a v a i l a b l e  a t  t h i s  t ime.  

D. APPLICATIONS 

A knowledge of t h e  cond i t ions  t ha t  e x i s t  i n  earth-moon 
space  i s  d e s i r a b l e  p r i o r  t o  manned l u n a r  miss ions .  I n f o r -  
mation a b o u t  meteoroid concen t r a t ion ,  r a d i a t i o n  b e l t s ,  and 
o t h e r  u s e f u l  data could be obta ined  by a long  l i f e  (1 y e a r  
o r  more) unmanned s p a c e c r a f t  i n  an earth-moon p e r i o d i c  o r b i t .  
A d e s i r a b l e  p e r i o d i c  o r b i t  would provide  adequate  mapping 
of t h e  r eg ion  of earth-moon space t r a v e r s e d  by an Apollo 
type  t r a j e c t o r y .  Therefore ,  i n  choosing an  o r b i t ,  one should  
cons ide r  t he  amount of t i m e  s p e n t  (coverage)  i n  t h e  d e s i r e d  
r eg ion .  

I n  the  r e s t r i c t e d  three body problem, the moon's o r b i t  
i s  assumed t o  be c i r c u l a r .  I n  t he  t r u e  p h y s i c a l  system the 
moon's o r b i t  is  n e a r - e l l i p t i c a l ,  and a v e l o c i t y  budget w i l l  
be r equ i r ed  f o r  o r b i t  keeping. However, one can, i n  l imted  
cases ,  overcome t h i s  p e r t u r b a t i o n  by employing p e r i o d i c  
o r b i t s  w i t h  pe r iods  t h a t  are e x a c t  m u l t i p l e s  of the  moon's 
pe r iod .  O r b i t s  of t h i s  n a t u r e  w i l l  be c losed  i n  bo th  the 
r o t a t i n g  and space f i x e d  frame of r e fe rence ,  and w i l l ,  a f t e r  
a g iven  per iod of t i m e ,  r e t u r n  t o  t h e i r  o r i g i n a l  s ta te .  

n 
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It is seen i n  F igures  3 and 4 tha t  t h e  c l o s e  approaches 
to the  ear th  u s u a l l y  occur  i n  p a i r s .  For example, i n  
F igu re  3 t h e r e  are f o u r  c l o s e  approaches to t h e  ear th ,  and 
t h e  maximum d i f f e r e n c e  i n  a l t i t u d e  between t h e  two p a i r s  i s  
1,240 km. These c l o s e  approaches provide  f o u r  chances for 
o r b i t  i n j e c t i o n .  

SECTION 111: RESULTS 

Fami l ies  were s t u d i e d  by va ry ing  the s t a r t i n g  p o s i t i o n  
behind t h e  moon, and the  r e s u l t s  are p resen ted  w i t h  t h i s  as 
the  independent  parameter .  Closes t  approach d i s t a n c e  to the  
c e n t e r  of t he  e a r t h ,  t h e  per iod of t h e  o r b i t ,  and p e r  cen t  
t i m e  on the  inner: l e g  of the  o r b i t  a r e  p re sen ted  for var ious  
famil ies .  The i n n e r  l e g  of an o r b i t  i s  de f ined  as the  p a r t  
of t h e  o r b i t  t h a t  l i e s  c l o s e s t  to t he  earth-moon l i n e  and 
ex tends  from pe r igee  a t  t h e  e a r t h  to p e r i s e l  a t  t h e  moon 
and back to p e r i g e e  a t  t h e  e a r t h .  The second approach to 
t he  moon and t h e  d i f f e r e n c e  between t h e  maximum and minimum 
p e r i g e e  a l t i t u d e s  ( A R )  a t  t h e  ear th  a r e  p re sen ted  a l s o .  
Data for o r b i t s  of r a t i o  $ order  1 a r e  p re sen ted  i n  F igure  5. 
O r b i t s  of t h i s  f ami ly  e x i s t  for s t a r t i n g  p o s i t i o n s  (perpendic-  
u l a r  c r o s s i n g  on the  back s i d e  of t he  moon) ranging  from the  
moon's s u r f a c e  out  to a rad ius  of 89,400 km.  At r a d i i  
s l i g h t l y  g r e a t e r  t han  89,400 km, t h e  o r b i t s  impact t he  s u r f a c e  
of the  e a r t h y a n d  a f u r t h e r  i nc rease  i n  t h e  s t a r t i n g  r a d i u s  
produces r e t r o g r a d e  o r b i t s .  

F igures  6, 7, and 8 show d a t a  for r a t i o  3 o r d e r  2 
c l a s s  B. These o r b i t s  e x i s t  for s t a r t i n g  r a d i i  between 
3,075 k m  and 57,000 km. C o l l i s i o n  wi th  t h e  s u r f a c e  of the  
ea ' r th  occurs  for s t a r t i n g  r a d i i  less  than  3,075 k m  and 
g r e a t e r  t han  57,000 km. It is  ev iden t  from Figure  7 t h a t  
t h i s  f ami ly  c o n t a i n s  an  o r b i t  w i t h  a pe r iod  of 4rr ( 2  l u n a r  
months).  T h i s  i n d i c a t e s  tha t  t h i s  f ami ly  c o n t a i n s  an o r b i t  
t ha t  w i l l  be p e r i o d i c  even when t h e  moon's o r b i t  i s  assumed 
to be e l l i p t i c .  

Depicted i n  F igures  9, 10, and 11 a r e  data for r a t i o  $ 
o r d e r  2 c l a s s  A. C o l l i s i o n  with t h e  s u r f a c e  of t he  e a r t h  
occurs  w i t h  a s t a r t i n g  r a d i u s  of  1,928 k m .  For t h i s  s t a r t i n g  
r a d i u s ,  the  second perpendicular  c r o s s i n g  of t h e  earth-moon 
l i n e  occurs  on the  back s i d e  o f  t h e  moon a t  a d i s t a n c e  of 
l 3 2 , O O O  km. A s  t he  s t a r t i n g  r a d i u s  is con t inuous ly  inc reased ,  
t he  second pe rpend icu la r  c ros s ing  moves i n  toward t h e  moon 
u n t i l  t he  two c r o s s i n g s  co inc ide .  Thlis occurs  a t  about  
l5,OOO km. T r a n s i t s  t h a t  a r e  s t a r t e d  beyond t h i s  r a d i u s  w i l l  
have t h e i r  second perpendicular  c r o s s i n g  between the  moon and 
t h e  s t a r t i n g  pos i t io r , ,  and they w i l l  be d u p l i c a t e s  of t r a n s i t s  
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t h a t  wcre s t a r t e d  from a p o s i t i o n  i n s i d e  t he  15,000 k m  l i m i t .  < 

Data f o r  o r b i t s  of r a t i o  2 o r d e r  3 ( an  example i s  shown 
i n  F igure  1 2 )  a r c  p re sen ted  i n  F igu res  13, 14, and 15. 
C o l l i s i o n  wi th  t h e  e a r t h  occurs  f o r  s t a r t i n g  r a d i i  l ess  t h a n  
2,310 k m .  A s  s een  i n  F igure  12, the second p e r p e n d i c u l a r  
c r o s s i n g  f o r  t h i s  fami ly  occurs  behind t h e  ear th .  The second 
close approach to t h e  moon takes p l a c e  a f t e r  apogee, or 
a l t e r n a t i v e l y  s t a t e d ,  on t h e  descending leg  of t h e  space  
f i x e d  o r b i t .  A s imilar f ami ly  ex is t s  f o r  t h i s  r a t i o  and 
o r d e r  i n  which t h e  second c l o s e  approach occurs  on t h e  
ascending l e g  of the space f i x e d  o r b i t .  An i l l u s t r a t i o n  of 
this t ype  of  o r b t t  i s  g iven  i n  F igu re  16; however, complete 
data a r e n o t  a v a i l a b l e  f o r  a n a l y s i s  of t h i s  fami ly .  

F igures  18, 19, and 20 show d a t a  for o r b i t s  of r a t i o  -$ 
o r d e r  4 c l a s s  A .  The closest approach to t he  c e n t e r  of t h e  
ear-t,h (11,895 km) occurs  f o r  a zero s t a r t i n g  a l t i t u d e  a t  the 
moon. A s  p resented  i n  F igure  18, t h e  second approach to the 
moon i s  t h e  c l o s e  approach tha t  l i e s  on t h e  earth-moon l i n e .  

2 D a t a  for o r b i t s  of r a t i o T  o r d e r  1 a r e  g iven  i n  F igu re  22. 
These orb i . t s  can be found w i t h  s t a r t i n g  r a d i i  beginning at t he  
moon's s u r f a c e  and ex tending  out  to 183,000 k m .  

Depicted i n  F igu res  24 and 25 a r e  d a t a  for r a t i o  3 o r d e r  
2 c l a s s  A .  Close approach to the  ear th  (93,610 k m )  occurs  * 
f o r  t h e  s m a l l e s t  p o s s i b l e  s t a r t i n g  r a d i u s  a t  the moon (1,738 k m ) .  
O r b i t s  w i t h  s t a r t i n g  r a d i i  g r e a t e r  t h a n  8,900 k m  w i l l  have t h e i r  
second pe rpend icu la r  c r o s s i n g  between Dhe s t a r t i n g  p o s i t i o n  and 
the moon and w i l l , t h e r e f o r e , b e  a d u p l i c a t e  of a t ransi t  t ha t  r 

was s t a r t e d  a t  t h i s  s m a l l c r  r a d i u s .  

F igures  27, 28, 29, and 30 show d a t a  f o r  o r b i t s  of r a t i o  
5 o r d e r  2 c l a s s  B. At a s t a r t i n g  r a d i u s  of 51,000 km, there 
e x i s t s  an  o r b i t  w i t h  a p e r i o d  of 8rr. T h i s  f a m i l y  c o n t a i n s  two 
s o l u t i o n s  f o r  t h e  same s t a r t i n g  r a d i u s  for s t a r t i n g  r a d i i  n e a r  
1,994 k m  and 110,000 k m ;  however, f u r t h e r  i n v e s t i g a t i o n  i s  
necessa ry  i n  o r d e r  to determine the  e x a c t  area i n  which t h e s e  
dua l  s o l u t i o n s  e x i s t .  

2 

2 Data f o r  o r b i t s  of r a t i o F  o r d e r  1 are shown i n  F igu res  
32 and 33. T h i s  f ami ly  of o r b i t s  e x i s t s  f o r  s t a r t i n g  r a d i i  
between 7,800 k m  and 19,800 k m .  Beyond these l i m i t s  t h e  
o r b i t s  c o l l i d e  wi th  t he  s u r f a c e  of the earth.  
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Informat ion  f o r  o r b i t s  of r a t i o  $ o r d e r  1 i s  g iven  i n  
F igu res  35 and 36. Members of  t h i s  f ami ly  were found f o r  
s t a r t i n g  r a d i i  from 3,187 km t o  74,026 km. Two s o l u t i o n s  
were found f o r  each  s t a r t i n g  pos i t ion ,  and t h e  a l t e r n a t e  
s o l u t i o n  ( t h e  s o l u t i o n  wi th  t h e  h i g h e s t  v e l o c i t y )  i s  denoted 
by an a s t e r i s k .  Data are given i n  F igu res  38 and 39. The 
v e l o c i t y  d i f f e r e n c e  between two o r b i t s  from t h e  same r a d i u s  
v a r i e d  from 6.4 m/sec to 38.4 m/sec. 

F i g u r e s  41, 42, and 43. The c l -oses t  approach t o  t h e  e a r t h  
occurs  for a s t a r t i n g  r a d i u s  o f  2,802 km. 

Data f o r  o r b i t s  of r a t i o  Q o r d e r  2 c l a s s  B are g iven  i n  

Graphs g i v i n g  v e l o c i t y  as a f u n c t i o n  o f  s t a r t i n g  p o s i t i o n  
f o r  t h e  va r ious  r a t i o s  and orders  a r e  shown i n  F igu res  44 
through 50. 

SECTION I V :  CONCLUDING REMARKS 
1 2 2  3 Per iod ic  o r b i t s  of r a t i o  z ,  7 ,  F, and 7 have been 

i n v e s t i g a t e d .  Higher. o r d e r  o r b i t s  of t h e s e  r a t i o s  are be ing  
s t u d i e d  as w e l l  as d i f f e r e n t  r .a t ios ,and t h e s e  w i l l  be d e s c r i b e d  
i n  a l a t e r  paper .  To a i d  i n  mission planning,  F igure  51 shows 
a summary of some o f  t h e  o r b i t s  which o f f e r  i n j e c t i o n  a l t i t u d e s  
a t  the  e a r t h  of a6proximately 100 n a u t i c a l  m i l e s .  
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